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Abstract
An exact solution, in which a D2-brane and an anti-D2-brane are bridged
with a band of D0-charged IIA superstrings, is obtained without any junction
condition. In view of Born-Infeld description of a D-brane, the connecting
band of D0-charged superstrings can be \blown-up" to an elliptically tubular
D2-brane, which makes the whole system perfectly (1/4)-supersymmetric. It
is shown that D0-charge density is minimized at the connecting throat neck,
thereby not \blowing-up" the band there. We show that the asymptotic end
regions of the throat describe a D2-brane and an anti-D2-brane with uniform
but opposite magnetic fluxes and radial Coulomb-like electric elds produced






The BPS bound states of composite D-branes are physically important as we see in the
example of D0-D4 system describing instanton physics of the non-Abelian gauge theories in
four Euclidean dimensions. Recent studies reveal that there are some systems of composite
D-branes which become supersymmetric when suitable external elds are turned on. Some
systems including D0-D6 system, with a suitable B-eld turned on, were extensively dis-
cussed in Ref. [1]. These systems are also discussed in the T-dual pictures [2,3] and in the
string picture [4]. Those (1=8)-supersymmetric systems are important in view of the recent
interests in the fate of tachyons after Sen’s seminal work [5]. One can expect the tachyonic
modes present in general situation condense to provide a new supersymmetric vacua as a
suitable B-eld is turned on.
On the other hand, some other systems with similar features have been recently
reported. It is possible for some specic Dp and anti-Dp bound systems to become
(1=4)-supersymmetric as they emerge from some lower dimensional composite of branes
through the Myers eect [6,7]. D0-charged IIA superstrings can be \blown-up" to a (1=4)-
supersymmetric tubular D2-brane by the Poynting momentum [along the tube circumfer-
ence] determined by the product of the number densities of D0-branes and IIA superstrings
[8]. The tubular D2-brane, carrying no net D2-brane charge, can be considered as some
bound system of a D2-brane and an anti-D2-brane. Higher dimensional versions of this
system can be obtained by T-duality operations [9].
Even flat supersymmetric congurations composed of a brane and an anti-brane were
studied in view of the matrix theory description of D0-branes melt in these higher dimen-
sional (anti-)branes [10]. In these cases also, supersymmetry can be acquired by some
suitable distribution of D0-charged superstrings. The same physics [including the fate of
tachyonic degrees] can be discussed in the viewpoint of the fundamental strings [11]. Actu-
ally this (1=4)-supersymmetric system can be obtained from (1=8)-supersymmetric D1-D1
branes at angles [discussed in Ref. [2]] by adding another charge through innite boosting
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and taking T-duality.
In this paper, we present an exact solution [without any junction] describing a D2-
brane and an anti-D2-brane which are bridged with a band of D0-charged IIA superstrings.
Dierently from the systems discussed in Ref. [10,11], the electric elds on (anti-)D2 branes
are radially in- or outward, so cannot be simply obtained by U-duality transformations from
other known congurations of branes. On each (anti-)D2 branes, there are uniform magnetic
fluxes of opposite sign.
Similar congurations were discussed in Ref. [12]. Their system describes exactly the
same situation except for the uniform magnetic fluxes. They obtained the conguration
by joining two half-supersymmetric BIon solutions. There are two solutions, one of which
describes a fundamental string running between the brane and the anti-brane. The other
unstable solution describes a sphaleron corresponding to the decay of the brane-anti-brane
system. Although the rst solution looks stable, its supersymmetry is hard to spell. In
this paper, we show that (1=4)-supersymmetries are guaranteed by the additional uniform
magnetic fluxes on each (anti-)brane.
In view of Born-Infeld (BI) description of D-brane, the connecting band of D0-charged
superstrings can be \blown-up" to an elliptically tubular D2-brane, which makes the whole
system perfectly (1=4)-supersymmetric. It is shown that D0 charge density is minimized at
the connecting throat neck, therefore the band is not \blown-up" there. Technically, getting
our exact solution [without any junction] turns out to be possible due to the nice coordinate
system we adopt for the elliptic tube. To our knowledge, this is the rst exact solution
describing the brane and anti-brane bound system in a single coordinate system.
This paper is organized as follows. In Sec. II, we obtain elliptic supertube solution in the
context of BI description of the D2-brane. We nd the explicit form of BI eld distribution
over the elliptic tube. In Sec. III, we investigate the supersymmetry of the elliptic tube.
We show explicitly that the solution we found in Sec. II preserves (1=4)-supersymmetries.
In Sec. IV, we obtain the exact solution describing the bound system of a D2-brane and
an anti-D2 brane connected by an elliptic supertube. We rst check the supersymmetry
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condition and solve the Gauss law constraint and other remaining equations. We investigate
its physical implication by looking at asymptotic regions of the solution. In the nal section
we close the paper with discussions on the physical implications of our result and some
remarks about future works.
II. ELLIPTIC SUPERTUBE
As a simple generalization of the supertube solution found in Ref. [8], one can consider
somewhat deformed shapes. The elliptic tube could be the simplest example. It looks
plausible to think of this kind of deformation because the radius of the supertube (in other
words, the inverse of the extrinsic curvature) is just proportional to the number densities
of D0-branes and IIA superstrings which are melt in the tube. On the elliptic tube, the
extrinsic curvature is not uniform, therefore one can naively expect that those D0-branes and
IIA superstrings can be suitably distributed on the elliptic tube to make the conguration
supersymmetric. In fact, this possibility can be easily checked in the matrix theory context
[10], where the Casimir invariant constructed from the matrix solutions of BPS equations
generally describes the elliptic locus of D0-branes.
In order to get the explicit form of the BI eld distribution, we work in the BI context.
The elliptic cylinder coordinates [13] are the appropriate coordinates for our purpose.
y = a cosh u cos v; z = a sinh u sin v: (1)
Conventionally the coordinate ranges are u 2 [0;1) and v 2 [0; 2). The parameter a has
the dimension of the length. The asymptotic region corresponds to u ! 1 limit of the
coordinates. Therefore the coordinates asymptotically approach the polar coordinates since
there, cosh u ’ sinh u. The ellipse is parametrized by the coordinate v with the coordinate
u xed. Now we embed the elliptic tube in the flat spacetime and obtain its BI description.
The metric induced on the tube reads
ds2 = −dt2 + dx2 + a2
(







where ux  @u=@x and uv  @u=@v and ft; x; vg constitute the world volume coordinates.
We will consider only the elliptic tube, so we set uv = 0, that is, the coordinate u is xed
on the tube. We consider the following time-independent BI eld strengths;
F = E dt ^ dx + B dx ^ dv: (3)
For these conditions, the BI Lagrangian becomes
L = −
√
R2 (1− E2) +R4u2x + B2; (4)
where R2  a2
(
sinh2 u + sin2 v
)
. For a given canonical momentum  = @L=@E and the




(R2 +R4u2x + B2) (R2 + 2)
R2 : (5)
Here the electric eld E was replaced by the canonical momentum  through the relation,
E = 
√√√√R2 +R4 u2x + B2
R2 (R2 + 2) : (6)
For the tubular case of ux = 0, the above Hamiltonian (5) is minimized when
a2
(
sinh2 u + sin2 v
)
= jBj. If B is independent of the coordinate v, this result is in-
consistent with our starting point where we assumed only the elliptic tube case, i.e., uv = 0.
Therefore, the combination B must depend on the coordinate v. The only way to get the
consistency is that jBj = jB00j + a2 sin2 v. The minimizing coordinate u0 is determined
by the relation, a2 sinh2 u0 = jB00j. At this point, the Hamiltonian is saturated to the
BPS bound; H = jBj + jj. The integration of the Hamiltonian over v 2 [0; 2) gives us
the energy of the elliptic tube per unit length and the same integrations of jBj and jj yield
the number densities of D0-branes and IIA superstrings. Furthermore, the electric eld at
u = u0 becomes, E = sgn() = 1 as in the case of the circular supertube [8].
Let us check the equations of motion.
@
@x
















Gauss law constraint tells us that in the tubular case [ux = 0] the density of IIA superstrings
is uniform along the axial direction of the tube. The solutions we have found, that is,
E2 = 1; jBj = jB00j+ a2 sin2 v; a2 sinh2 u0 = jB00j; (8)
which minimize the Hamiltonian, satisfy the remaining equations of motion, as long as the
eld B does not change its sign over the tube.
III. SUPERSYMMETRY
Since the above elliptic solution is stable [it minimizes the energy] and is a BPS solu-
tion [the energy is the sum of charges], it is reasonable to expect the solution to preserve
some supersymmetries. In this section we show that this is true. The above elliptic tube
conguration preserves one quarter of the supersymmetries of type-IIA Minkowski vacuum.
Supersymmetry is determined by the independent Killing spinors  satisfying
Γ = ; (9)
where Γ is the matrix dening -transformation on the world-volume of D-branes [14] and
it is given in our case as
−LΓ = γtxv + EγvΓ\ + BγtΓ\




Γi and we used the relation between the induced world volume Dirac matrices
fγt; γx; γvg and the spacetime Dirac matrices fΓi : i = 0; 1;    ; 9g;
γtdt + γxdx + γvdv = Γ0dt + Γ1Ruxdx + Γ2Rdv + Γ3dx: (11)





arctan(coth u tan v)Γ120; (12)
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where 0 is a constant 32-component spinor of the type-IIA Minkowski spacetime.
Inserting these expressions into the Eq. (9) yields the following two conditions on the
spinor;
(Γ03Γ\ + E) 0 = 0;(
BΓ0Γ\ +R2uxΓ012 + L
)
0 = 0: (13)
The rst equation tells us that E2 = 1. Although this result is already obtained in the Eq.
(8) of the tubular case, we stress here that it applies to more \general" case of ux 6= 0. With






R4u2x + B2 0: (14)
When ux = 0, the above equation is further simplied as Γ0Γ\0 = sgn(B)0. Since Γ0Γ\
is a product structure [it is squared to the identity and is traceless] commuting with the
other product structure Γ03Γ\ concerning the eld E, (1=4)-supersymmetries are survived
upon the imposition of the conditions (13).
When ux 6= 0, we let
sin   R
2ux√
R4u2x + B2
; cos   B√
R4u2x + B2
: (15)
Then the second equation of (13) becomes (sin  Γ012 + cos  Γ0Γ\) 0 = 0. Especially when
B = B0R2ux, the operator sin  Γ012+cos  Γ0Γ\ becomes a coordinate-independent product
structure commuting with Γ03Γ\, therefore (1=4)-supersymmetries are preserved even for this
non-tubular case.
IV. A D2-BRANE AND AN ANTI-D2-BRANE CONNECTED BY AN ELLIPTIC
SUPERTUBE
In this section, we obtain the radial prole of the case of ux 6= 0. Inserting the above
result of B = B0R2ux into Gauss law of the Eq. (7) yields
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1juxj = E0; (16)
where E0 is a positive integration constant. This equation has two solutions; u = E
−1
0 x+C1
when ux > 0 or else u = −E−10 x + C2 when ux < 0. Here, C1 and C2 are the integration
constants which can be set to zero by a suitable translation of x-coordinate for each solution.
Since these two solutions are equivalent upon the reflection of the x-coordinate, we only
consider the solution u = E−10 x without loss of generality.
The remaining equations of motion in (7) require that sgn(ux) be independent of the
coordinates x and v. These are already satised by the above solution.
Here, one might be at a loss because the elliptic coordinate system we adopted is conven-
tionally dened for the positive value of u, while the solution u = E−10 x becomes negative
for the negative value of x. Since the coordinate x parametrizes the axial direction of the
D0-charged IIA strings, there is no reason to truncate the solution only to the positive value
of x. In order to study the physical implications of the solution, we look at the BI eld
strengths.
We rst write the Eq. (3) in terms of the elliptic coordinates fu; vg making use of the
above solution x = E0u, and the relations, E = 1 and B = B0R2ux;
F = E0dt ^ du + B0R2du ^ dv
= E0dt ^ a sinh u cos vdy + a cosh u sin vdz
a2
(
sinh2 u + sin2 v
) + B0dy ^ dz: (17)
In the second equality, we rewrote it in the rectangular coordinates fy; zg of (1). We note
here that the eccentricity of the ellipse, 1  tanh u becomes vanishing in the asymptotic
regions of x ! 1. This implies that one can consider the circular limit there. In fact, this
limit can be specied as follows. As u ! 1 (x ! 1); we let a ! 0; with aeu = 2R
kept nite:
y = a cosh u cos v ae
u
2
cos v = R cos v;
z = a sinh u sin v ae
u
2
sin v = R sin v: (18)
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 dR2 + R2dv2: (19)
In these asymptotic regions, the electric eld strength in (17) becomes
F = E0
R
dt ^ dR B0RdR ^ dv: (20)
This expresses the radial Coulomb-like electric elds and a constant magnetic elds on those
two asymptotic regions. However, the sources of the elds are oppositely charged. These
sign flippings are due to the orientation reversal between those two asymptotic regions,
which is manifest in the Eq. (18). Therefore one can view those two asymptotic regions
as a D2-brane and an anti-D2-brane with D0-branes of the same charge uniformly melt on
them. The two (anti-)D2-branes are connected by a elliptically tubular throat. The throat
neck [E0u = x = 0], is parametrized by the angular coordinate v like fy = a cos v; z = 0g.
Therefore it is flattened there to become two sheets of bands with their widths equal to 2a.
V. DISCUSSIONS
We have obtained an exact solution describing a D2-brane and an anti-D2-brane which
are connected by an elliptically tubular throat. The seeming instability is absent due to
the appropriate distribution of D0-branes and IIA superstrings over the (anti-)D2-branes
and the tubular throat. The whole system preserves (1=4)-supersymmetries of the type-
IIA Minkowski spacetime. In the tubular case, we could see that the Poynting momentum
density jBj = jB00j + a2 sin2 v matches well with our intuition acquired from the study
of the circular supertube case; high density implies large \blowing-up". Near v = 0 and ,
the density is low, so the D2-brane curls up much there.
Another important point we can learn form the elliptic tube is that it is rather the
Poynting momentum density than the \angular momentum" that gives rise to the \blowing-
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up". Dierently from the circular tube case, there is no conserved angular momentum.
Although the Poynting momentum density is completely determined by the number densities
of D0-branes and IIA superstrings, it was very subtle in the circular tube case to tell whether
a bunch of D0-charged IIA strings is \blowing-up" to the circular tube when their number
densities are specied. We could not see this \blowing-up" from the tube of zero radius
because the D2-brane description fails there. However, in the elliptic tube case, the zero
radius limit still yields flattened D2-brane tube which is well described by the Lagrangian
(4) in such a limit. Therefore given the number densities of D0-branes and IIA superstrings,
the elliptic tube stabilizes its radius to nd the minimum of the Hamiltonian. A more
denite way to see this stabilization could be to see the tachyon condensation starting from
a non-BPS state.
In this regard, the shape of D2-brane is determined by the initial number densities of
D0-branes and IIA superstrings. Suciently large number [with the non vanishing value of
jB00j] of the D0 charged IIA strings forming a band shape will be blown-up to an elliptic
supertube. If the same number of the D0-charged IIA strings are initially at one point of
(y; z)-plane, they will form a circular supertube nally. Energetically, there is no transition
between those two congurations because both nal states are BPS, so the net energy is the
sum of those numbers of D0-branes and IIA superstrings.
In the D2/anti-D2-brane case, the original BI electric eld is tuned to be 1 so that
it respect the supersymmetry condition. It is the integration constant E0 that does the
role of the electric eld on the (anti-)D2-branes. This value has the geometric meaning
of the length of the throat. One can dene the throat length by rst dening the throat
region itself. This could be the connection part whose width is less than some amount, for
example, the part where sinh u < 1, which results in the throat length l  E0. Therefore,
the electric eld E0 increases with the increase of the distance between the D2-brane and
the anti-D2-brane. This can be intuitively understood as follows. The deformation of the
(anti-)D2-brane preserving its supersymmetry accumulates some charge on the brane. This
is because the deformed prole of the D-brane can be considered in the supersymmtric case
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as some potential on the brane. BIon spike is a typical example of this [12]. The more
the deformation is peaked, the stronger the corresponding eld becomes. Coming back to
our case, we see that the inceasing distance between those (anti-)D2 brane corresponds to
making the potential throat deeper, which increases the eld. As E0 ! 1, those (anti-
)D2 branes become separated innitely far away and the connecting part becomes almost
flattened. On the other hand, in the E0 ! 0 limit, those (anti-)D2 branes approach and
touch each other just at the throat neck.
Lastly, we give a brief remark on further work. Since our solution provides a nice non-
trivial example which shows exactly the relation between the geometrical deformation of the
(anti-)D-branes and the potentials of the BI elds, it is tempting to study some dynamical
process in this system. First, one can consider the scattering of a wave o the potential
either on one (anti-)brane. This can be done purely in the eld theory set-up, that is, two
dimensional noncommutative U(1) theory for the system at hand. The same process should
have some interpretation in the D-brane language. One can check how this process can be
understood as some wave propagation on the whole system. The wave will propagate into
the throat and transmit to other brane. Similar physics has been studied in Ref. [15] for
two D3-branes connected by a fundamental or a D-string. Unlike their case, there will be
no \time delay" during which the wave transmits along the connecting string, because every
point on the throat is one-to-one mapped into a point on either (anti-)D2 brane.
Note added: As this work was being completed, Ref. [16] appeared on the archive,
which discusses the tubular case in the most general set-up and naturally includes the
elliptic tube discussed in Sec. II and part of Sec. III of our paper. Our main goal was to
nd a nontrivial exact solution of D2/anti-D2 brane system whose cross section varies along
the axial direction. This case is not covered by their paper.
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